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Bounoho\ DtsP(mCanm‘t Equ Nalence
A wai \—orm\\3 oiscrete  and rqlmﬁw% dinse set Ac ﬂf‘ s called Delone .

Delone sbs AT R are bounded olisP(achenf (D) equivalont i 3
bi'\ecﬂm y: N T Bt waes Qvery Point o bounded digtance .



Bounoho\ DtsP(ouCQmm‘t Equ Nalence
A wai \'orm\3 oiscrete  and rqlmﬁw.\3 dinse set Ac ﬂf‘ s called Delone .

Delone sbs AT R are bounded olisP(achenf (D) equivalont i 3
bi'\ecﬂm y: N T Bt waes Qvery Point o bounded digtance .

AR W\i"orm\v) SPFQ.M\ i(- itie BD to AZJ for‘ gomg «>o,
Not all Delone sets are wiiformly spread
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A Bacic Result

Debine o Delone set N =\, by picking on point in every tile in
o ﬁ('\N} T 0‘. Rol that congists 0.‘ CoPies of o 5‘“‘3"‘ tile.
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A Bacic Result

Debine o Delone set N =\, by picking on point in every tile in
o ﬁ('\m) T of RA that conssts of copies of o single tile.
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Halls M«rriuje Theorem (o version due € Rado)

A biPar tite groph G- (V, UV, ,E) contnins o Pzr{»ecf mo\‘cg\niv\«)
= Y faite subsets Fev, | Rey,
¥R < #N(R) and #F < €N, (F)



Halls Marriou)e Theorem (o version due € Rado)

A bipar tite groph G- (V, UV, ,E) contnins o PQr{»Qd.’ mm‘t'c,\r\iv\?)
= V¥ fisite substs  Fey, | Rey,
¥R < EN(R) and #F < #N,(F)
Pk o f&n&hz. set F of tiles wm ). Volumas e{ tiles oand cubes are
the sowe =n cont caer k of ong with less Ean ke of the sthee:

#F" < ﬁil&tﬁ(& cubes f‘Q(\\A‘\fQ,d tO covel F‘S [j_

 WNg (R (Sumlacly ¥E < N(®) LT

=) GuA contams o- ?U‘{ut mokching and A \mi{orm\3 s‘ar‘qo\o(

. C uithovt Hall ,
Coro“uf'\) (attices & Per(oolc'c sets are umig. S()rewl (Dmm‘oj\wy 90)
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Laczkovich Criterion
Usin?) Hall's Theorem S—or BD or‘((}inall\) due to (actkovich:

ART & 3 melN for wWhich Gy, ontoins o perfect mod'ckiv\a ,where
e (V‘U\’,’,EML (AYP , hx,«f, | xeA, \)ef', -yl < m})

Cactkodich’32 For o Delone set AR the following are. equivalent
A wni{.om\l., Spread
+ There exist «.C 50 so that Y AeQy - $finite uniong of (adtice cubes]
1% (ANA)Y - o wl(A)] < C-uoly (3A)



Laczkovich Criterion
Usin5 Hall's Theorem S—or BD or‘((jinall\) due to (actkovich:

ART & 3 melN for wWhich Gy, ontoins o perfect mod'ckiv\j ,where
G- (V‘V\I,,,E.,)= (AT , ?ix,js | xe/\,\Jc—F, llx-yh< m})

Ti\Q.Ot’Qn\ (F SS ,2| QNL SS2 ’ZJ) T ha “'ol\owiﬂg e QO.Vi\IO\(QW{':
e Nond U are not BD ec'uivoxlmt

+ There exists & sequence o{_ sets A Q4 so that
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A?modag Order

We are mtergted in agpects o& ordler and olisordler
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Substitution _Ti-lings
d

A tiling is o collection of tiles with olig)oint titeriors that covecs R
A substitution cule on o set of protatiles is A - &
a tessellation of each protstile by rescaled

— A

probetiles , with o fued scale e (o))

Rz?eo&ed aPP\ico&ions of the substitution rule Followed L\3
N rumﬁng AszQ (ow)er and (o\rger Pcutdus.

AAA%%@@




\Vm@r(‘%"ﬁ

BT OR BTN VBT A
R S

[\ g
X e

KGNy

LA P I LB



RD Ec‘uivalcnce, For Substitution Tlings

Are Delone sets that corcespord to Penrese i Lings uniformlj spread 1
Whot can we Qxi)ecf {'or other subgtitution ﬁ(dngs?

ocrkasich: ki o quastion of.discrepaney (IF(AON) -t ol DI C- ol (0R)
= A quesfmh 0‘, Qow\ﬁng tiles .

A substitution rule oh.i-iv\QS A ﬁ d (2 t)
=) s
A A

o substitubtion matrix S. Vo

i tiles Poi‘duzs = entres o‘_ powers o{’, S
Perron- Frobenivs Theorem :  maun term govzrmwl Bj (eodi ™) eigen\m(ue

error term‘ 55 smaller Qigenxm\h&s
distreponey




RD Ec‘uivalcnce, For Substitution Tlings

Theorwn (Sdomon ) Lot j32 be the minimal wolex with W ¢ 1
whare A > Inlz..2 18] are the QwJQn\lolslts og_ S Thn
. Iy < A = Correspording Debra. sets ore wniformly spread.
s 1> A% = CoerSPOt\dmg Debone gets are 1ot um&.ormh) spread.

(Rnrose  S- (u |) w‘v [‘(’]_ =2 W“%““\\) SP"U“’L)



RD Ec‘uivalcnce, For Substitution Tlings

Theorwn (Sdoron 1) Let j>2 be the minmal wlex with V¢ 1)
whore » > In 12213 are the QioJQn\lol\IQs og_ S Then
d-!
o | R)I < )\T => Cor rQSPO?\dmg Delona SQtS e umli.ormh, SP(‘QM

d-!
. |7\)| ” AT = Correspm\dmg Delone gets arQ v\ot um&.ofm(n) spreaol

(Rnrose  S- (u |) q,z“? [‘(’]_ =2 W“&"”“\\) W)

Theorem (FSS 21) 3 madrees with 1% = T that are
associated beth to PQrioo\ic and to nov\-\mi*or"m\nj s‘:rqoo\ {:iliv\gs.

Theerem (332 21) In the non-um“ormhj s‘)mo\ case the
aubstitution cule 9erakqs tiliv\gs )\ Qont'ivmousl\) mony BD closses.
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Incommangurable Multiccole Suhst’ifu{ion-mings (331 29)

. 4 : :
A multiscole substitution scheme 6 mu R conssts of. o substitution

cule on wit Yolume Pro'to'l'i les T;,.. T, whece A — ﬁ

ol ous oﬁ-‘—-\&(&n‘t SCOu(Q.S aﬂ)w and SO\tisFt) V W

a siw\ph. incomenSuro\bilv) condition .

A time-dependont substibution semitlon) . defines o fowily of potehes:
At tne t0 FL(M)= T, and as t icreases the petch
ts inflated &) e ond tiles of udume>{ are
substituted.
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Some Pred eQessors

. Qo\wt\gs froctal %

mulh‘)\e (but commenguroble) seales

. Conwm\) ond Rodin'e Pinwheel h\(v\ﬂ EX

0 - arcton Yy =) same teiangle incommensureble dicectiong

(] ° SQA\AVCS 3@\@‘0&\&(* Pi“wheel h(\nﬁs ’98

| | ' " - o olwoys split
o - Kakutoni Sequances i (0] "3 F——— (on5e;5t ivdﬁ')qfvm(

¢ 8§ 20: multiscale substitubion Kokutont SeqURNCes of poxrtiﬁov\s




The Associnted mep\\ G.c

A dicected waig\nteol 3"‘0?\!\ S olR{-iV\eo\ omor‘alir\g to 6

log5 log5
‘
log2
V W log5/2

Uectices model the pe obotiles
Edges model the tiles aPon\rin5 m the substitution cule with
Lemjﬂ\s = (gs(l /scalR)

6 (¢ (ncommensuroble { G contons two closed paths of Lm){:\ns %’é&,,
Iwnco mmﬂnSWU& W\\AlﬁSCO\(Q substitubion shames ngrah TN
olistiv\cf clags a_g, f'i((n3s o_£ RA.



Cowd‘ing in uu’iscall Suhs{'ituﬁor\ -m.ings
Directed walks O(— lenath t'}

m G.e oriﬂ)ino\{‘inj ot vertex ¢

{Tiles " Ft(‘l{)} —> {

Exaw\[)b. the - Kekutoni schame in R

i | | |/3 | LA ., Los 3 % (033/2'

the patehes E(I), Fiy(D), Feg3 (D) are given with tawe rupexfl\so. ks

@, O OO R
= D(scmPo\ntb Cu‘uqus Comf';mb wm\ks on i\r\comenS\mouﬂ.
'5PO~P\AS and Q\lolukﬁv\(b e ferms



C ow\ﬁv\g in muu’isuall Sulws{'itu&ior\ -E‘.ings

Theorem (3272, m(bin() on Kiro, Smi\m\slujx 2 '20)
T. -
k§tles i FOT = (S5 -Vs)1 ot ERROR

¢ do((l:t('l'))
combu\o\‘toncs — # reds in white
ST A

N etk it /A
\v;:tr?: (\/)‘ 2— Jol(T) \/s.f= mv\w\t

)T °Fbm

sl- &‘li'»
£ | 5’,|°'

contribution of feds to @itropy o white
ekt (Hois Z-vol(T) o (T) |, _ (h0i-sbs -3 o
)T:‘F:g_,pe - ( -clad ey )

ond ' = left Peron-Frobeniug esgendettor of Vs



Cowd‘ing in Multiceale Suhs{'ituﬁor\ -m.ings

Theoren (350 20) TkeN V >0 3 2,0 5% 5 ¢ \h\(&(ﬂ)
T(S¢ - dt
‘“"E tiles r’; (T)} - \r i?fH c\f)i J o((Ft (‘[:)) 2 C %

#(AN A) - Lol(A) = Cuoly_(A)
= ncommensurable J(ilings aQ  never un\for‘ml\} Spmow\.

Ldeo o‘_ P(bog. b‘ﬁ the. combinatorial structure O,g Gsg d < ~ te

distinct udumes of tles in RLT), k-4 edges in Gg. I ol(R (M)
tiles in R(T) and by bBhe pigeonkole principle T o vslume shored
by 7 ~ "‘*(t':: (1) tles, which will be subgtituted SimultN\Qms\«).

Theorem (352 2/) qur\) incommnsurnble multiseale substitution
cule QQMm’C es ﬁlings wm Qon{'inuousl\) Moy BD classes.



C ow\ﬁng in l’luu’iscalt Sul;s‘l:ilu&ion -m.inas
Theeran (S5, relying on Kiro, Smilanskyx2 20)

Similar o\sxbm‘:l’otic ?orm\o\s for:

+ ¥ ftles of bype o and vole [kl in E )
. Uo\.\M\Q(U $tiles of l'jPQ - and vole[ablwm (T“)
. ExPed'eo\ vlues Bor romdom parh’ tions




Cow\ﬁng in Multiceale 5\;&{'&{0&507\ -m.inss

-rT\.Q.OrQW\ (S 2, m(bins on Kiro, Sw\i\m\skxsz '20) similor formu(a.g far

. ORP distribution A= Delone set o} tile boundaries m o 1-dim til(ng

t L Neighbors in AOENN] of distoncec b} f’@cecm N

% {ANTN,NIY vTHel

Z {““T , SolTexsd
xl
o , otherwse

(S

Where (Cs (x)). -
e

o Nowerics for pair correlotions are consistent with Poisson process

list= {0, 3210}; i=1;
Do[While[list[[i1+1]] - list[[i]] >1,

list = Insert[list, List[[1]] + (List[[i+1]] - List[[i]]) /3, i+1]], (i, 01005}]; 2 craBe8ap=1/(-(1/3)«log[1/3]-(2/3)+Log[2/3]);

list = Accumulate [RandomVariate[ExponentialDistribution[averagegap], 90000]];
gaps = Flatten[Table[N[Differences[list, 1, j1], {j, 1, 100}]1];
Histogram[gaps, {0, 100, 0.5}, "PDF"]

gaps = Flatten[Table[N[Differences[list, 1, j]], {j, 1, 100}]];
Histogram[gaps, {06, 160, 0.5}, "PDF"]




C oordination Sec\wus

alm):= ¥ tiles of distonee n from center= 1,12,16,16, 4o, ...

Generation 6, c¢s max 17 ‘ ‘ ‘ Generation 12, cs max
I —

*HHUjHE‘th
] o L [ —
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Gourtesy of Lors Blombers (OIS sequence AB28074)



Recal’s Tram,te

Sum OS' binomial coewdewlts nSude # Po\% o_(_ LQwaH\ <X WM

fr‘iow\gh, o{_ S\'o‘.ts OA= % oR = % ) b <>© o

Theorem (Kico, Smilanskyx2 '20)  If af@b than bhis s
!

AN AR
o -xLe 4—0(2 ) y X=X
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- e .

N\UJ‘Q A>0 (S Hu \mi%\l& cenl 2ero o_f, {(Q = |-






